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1. INTRODUCTION

The Low Altitude satellite Mission Planner (LAMP) is an analytic orbit planning software
tool which can be used to estimate the decay history/lifetime and to generate orbital ephe-
merides for one or two close-Earth satellites (.01 e .10) perturbed by atmospheric drag and
by Earth oblateness due to the zonal harmonics J2, J3, and J4. LAMP is capable of providing
rapid and accurate long term (- 90 day) predictions of key Keplerian orbit parameters (a, e, i,
f2, w) and related quantities (e.g. perigee and apogee altitudes; drag decay rates; peioJ; theoreti-
cal atmospheric density profiles and scale heights; orbital phase angles) without rzsorting to time
consuming numerical integration schemes. It can also use input orbit adjust designis to compute
the associated changes to orbit parameters and make post orbit adjust predictions A multiple
orbit adjust capability exists so that propellant and thruster lifetime estimates can be made. It is
thus likely that LAMP can be successfully applied to the analysis of problems in the following
areas:

(i) general mission planning;
(ii) flight strategy development;
(iii) orbit adjust impact assessment;
(iv) preellant depletion rate studies; and
(v) operational interruption prediction.

The following sections discuss in detail both the mathematical and the processing method-
ologies employed within LAMP. Included in this discussion are descriptions of the ephemeris
generation capabilities; the drag decay rate theory used by LAMP; the effect of impulsive thrust-
i.g upon orbit parameters; LAMP initialization techniques: auxiliary computations required to
support processing; and input/output options.

2. EPHEMERIS GENERATION

2.1 Force Model

For most close-Earth, low altitude artificial satellites with small eccentric.ties, the only per-
turbations which need be considered are those produced by the second through the fourth zonal
harmonics of the geopotential function, i.e. the J2, 13, and J4 terms, and atmospheric drag de-
celeration. The perturbations due to other forces, e.g. higher order geopotential perturbations,
solar radiation pressure, luni-solar effects, etc., are generally much smaller than the effects in-
duced by the basic uncertainties in the knowledge of the atmospheric density and satellite ballis-
tic coefficient. Consequently, the geopotential oblateness perturbations due to J2, J3, and J4
and the atmospheric drag perturbation are the only continuous forces modeled in LAMP. The
effect of perturbations due to periodic impulsive thrusting is also modeled in LAMP.

2.2 Mean Element Prediction

The mean orbital element prediction capability (MEP) is the foundation for all significant
computations performed by LAMP. MEP is capable of generating predicted mean Keplerian
orbital elements (am, , m e m, wain, Mm )from inijial conditions at time intervals At for
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either short periods of rime (i.e. hours or days) or long periods of time (i.e. weeks or months).
When MEP is operating in the short term prediction mode (STP), At is taken to be a fixed time
interval, whereas when MEP is operating in the long term prediction mode (LTP), At is taken to
be the approximate current nodal period r.

The algorithm gsed to generate predicted mean Keplerian elements at time ti, i.e. the MEP
algorithm, is:

a. (ti) = a. (t [AaD(t ' )] At + AaOA(ti.1) tOA. At

em (ti1 ) = em (t1.) -G(iI) At + [ i]At + AeOA(ti..l) atO At

m(ti)--m(ti~) + <iG(til)>At + AIOA(ti.l) StOA At ,(21)

Wm(ti) = -m(ti.I ) + <KG(ti.l)>At + AwOA(ti.1 ) 6 toA, At

Mm(ti) = Mm(ti..i) + <kG(til)>At + AMOA(tiI) 6 tOA , At I

and

~i = 1ridI + 2 [a AaD(ti At + ArOA(ti") 6 toA, At

where tie [to , tE] , tE is the end time ft, tne prediction interval, and

ti - t1  for the STP mode
At = (2.2)

1 ri for the LTP mode.

In equations (2.1) the quantities AXD (ti. 1) are the changes in the Xm orbital elements over one
orbital revolution due to dragdeceleration evaluated in terms of the mean orbital elements at
time ti. ; <,KX(ti.)> are the rates of change of the Xm orbital elements due to J2, J3, and J4
averaged with respect to mean anomaly and evaluated in terms of the mean orbital elements at
time ti.1 ; and AXoA are the changes in the Xm orbital elements and nodal period due to im-
pulsive thrusting and evaluated in terms of the mean orbital elements at ti. 1 . The 6tOA, At is a
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Kronecker delta defined by:

I, for ti- < tOA < ti

6 tOA, At = { ;: : (2.3)
0, otherwise

where tOAiS the time of the impulsive thrust. The quantities AXD, AXoA, and <Xc€> are dis-
cussed further in the following sections.

2.3 Osculating Element Prediction

The osculating element prediction capability (OEP) is generally used in conjunction with
the MEP capability in the STP mode to generate predicted sets of osculating Keplerian orbital
elements (aos c, eo., lsC, nosC, WOW$ Mosc) or Cartesian components at fixed time intervals At.
The algorithm used to generate the osculating Keplerian elements at time ti, i.e. the OEP algo-
rithm, is:

a0sc (ti) = am(ti) + asp(ti)

eoc(ti) = em(ti) + esp(t 1 )

iosc(ti) = i(ti) + isp(t i ) ,

(2.4)
n"Los(ti)= n. (ti)+ S'sp(t i ) ,

W",C(ti)= .m(ti)+ OWsp(t i) ,

and
Moc(ti)= Mm(ti) + MIp(ti)

where (am, em, im , 1m, Wm' Mm) are the mean Keplerian orbital elements at time ti computed
using the MEP algorithm of equations (2.1), and (asp , epP isp n p Wsp, Msp) are the first order
short periodic variations of the Keplerian element set evaluated using the mean Keplerian set at
time ti. These short periodic variations are discussed further in the following sections.

3



2.4 Averaged Variational Equations Due to J2, J3, and J4

The averaged motion of a low altitude, close-Earth satellite resulting only from perturba-
tions due to the second through the fourth zonal harmonic terms of the geopotential function,
i.e. the <.G> factors of equations (2.1) are computed from the following expressionsl:

<'G>

<e > 3 3 nJ2  R sin 2 i (14- 15 sin 2 i) e (1-e 2 )sin 2w- 3 n 3 R

sin i (4-5 sin 2 i) (l-e 2 ) cos o - _5 nJ()4 2 i (6-7 sin2 i) e

3j2 J4  p sin2  7sn2i

X (l-e 2 ) sin 2w ,

<iG> 6 2 ( ) sin 2i (14-15 sin 2 i) e2 sin 2w + 8 nJ3  ) cos i (4-5 sin2 i

X e cos w + 6 nJ4  sin 2i (6-7 sin 2 i) e2 sin 2w ,

S- nJ 2 (pjcos i - nj 2  M cos i [-+ 2 lV/-,I

2 ) 2 l_2 2 (  5 ) e 4 2

-sin 2 i + - )+ - +- sin 2 i)+ - (7-15sin2 i) cos2w

-3 nJ3 ( (15 sin 2 i-4) e cot i sin w + L nJ4 ( cosi

x [(4-7sin2 i) + 3e2 - (3-7sin2 i) e2 cos 2w

( nJ2  (R 2 (4-5 sin 2 i) + 3 02 (t4 48-103 sin2

42 16 2 p24 4

+ sin 4 i + (7 - sin i-- sin 4 i e2

tLiu, J. J. F. and Alford, R. L., "Semianalytic Theory for a Close-Earth Satellite," AIAA
Journal of Guidance and Control, Vol. 3, July-August 1980, pp. 304-311.
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+ 6 1-sin 2 i (4 - 5 in2 i) V-/Tel - -21
2 4 [2(14

- 15 sin2 i) sin2 i -(28- 158 sin 2 i + 135 sin4 i) e2] cos 2w1 (2.5)

+ nJ 3  (4 -5 sin 2 i) s in 2 i -e2 cos2 i+2si (1
esini +2sini(13

- 15 sin2 i) el sin w - LS nJ4  16 - 62 sin2 i

+49 sin 4 i + 3 (24-84 sin 2 i + 63 sin 4 i) e2 + sin 2 i(6

7 sin 2 i)-- (12-70 sin 2 i + 63 sin 4 i) e2] cos 2w

and

<kG> +-J (R) 2 (+ j s ) - e

(1 ~ S -2 in 2)

2 2~ p 6 2 42F

-5 sinsi + - sin4 + I - sin 2 i- - sin4 i2 8 / 8 \\8

1 5---sin2 i (14 -15 sin2 i) (1 - -e2) cos 2w0]

+ 5sin 2 i+ 7 sin4 i e2 -- 1( + 5sin2 i
216 8

10 sin 4 ie + sin2 i 70- 123 sin 2 i + (56
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-66 sin 2 i) e2 cos 2w + e4 sin 4 cos 4 -. nJ sini

X (4- 5sin2  i) 1 - 4e 2  1 e2  sin o--j- nJ 4  (8

-40sin 2 i + 35 sin 4 i) e2  e + - nJ4  sin 2 i(6

-7sin 2 i)(2-5e2 ) 1i-e 2 cos 2,

where R is the equatorial radius of the Earth, n is the mei otion given by

n a(2.6)

p is the Earth's gravitational constant, and

p = a(I -e 2 ). (2.7)

Note that when computing the KXG in equations (2.2), mean Keplerian elements should be
used in the right hand sides of equations (2.5).

2.5 Semianalytic Atmospheric Drag Decay Rates

For close-Earth satellites the principal drag effects are perturbations in a and e. The re-
maining effects are small and for computational efficiency have been ignored in equations (2.1).
The changes in am and em per orbital revolution due to drag deceleration by an oblate atmos-
phere with diurnal density variation are given by: 2

AaD =-r 2r 6 p.ga2 exp[ .- ae -ccos 2w] 'lo + 2ell + FAIl,

+ e (I + 3 2 +c + 2e3 + 1 FA [ 1 + -e 1
2 + 22e+ C 1F1[ 2 + 13 +

+ 212 + 514) 1cos2w --1 cFB I 1, 3 + I e(| 0 + 41

2 Santora, F. A., "Satellite Drag Perturbations in an Oblate Atmosphere With Day-To-Night
Density Variation," AIAA Paper 74-839, AIAA Mechanics and Control of Flight Conference,
Anaheim, California, August 1974.
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(2.8)

-51 4 sin 2w + C2 10 + 2el + FA F11 + e1 312)11 

+5 1 -e(I -31) + FA I 2 4 -76

X cos 4w FB 13 - 15 + , e (I2 - 814 + 716 ) sin 4wl,

and

A(ae)D - eAa DAeD = 
(2.9)

where

A(ae)D= - 27r6Pga 2 exp -ae - c cos 2o • Il + e (3I + 12)

+ FA Lo + 12 +e (31 + I + c 1 + I - e (I

612 -3I4) + I FA Io + 212 + 14 + e( I +21 + I)11

cos 2w-cFB 110- *4 + 2e (21- 13 - is ) sin2w

(2.10)
* IC + (310 + 12) + FA [1 + 12 + e(31,1 3

4c2 {  2 2 )

* 1 + -e (31 - 61 - 511) + 1 +
8C ]3  + 5 2 1 4 6' 2 1F 2  4 2 6

+e(31 + 513 + Is + 317) cos4w -- L 2 FB I 6

+e(31 -313 - I5 + 317)j sin 4w

In the expressions above g is the gravitational acceleration at the surface of the Earth,3 is
the reciprocal of the density scale height H, and

= (I - Vp Aecosi 2 (2.11)
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P=2 (P"x + P ' (2.12)

F- Pmax - Pmin (2.13)

Pmax + Pmin

A =sin 6B sin i sin w + cos 6B [cos (92 - aB) cOs W - cos i sin (&2 - a. ) sin W] (2.14)

B = sin 6 Bsin icos w - COS 6B[COS (1-aB)sin o+ cos isin ( - aB) COS 1, (2.15)

C = I 3r esin2 i , (2.16)
2 P

and the I, (n = 0, 1, 2, .. , 7) are Bessel functions of the first kind and imaginary argument given
by:

27r

ln(3ae)= 2 -7 cos (nE) exp[Pae cos E] dE (2.17)

CD S
In equations (2.11)- (2.16) is the inverse ballistic coefficient for the satellite; rp and vp
are the perigeal radius and velocity; A is the ratio of atmospheric rotation rate to Earth rotation
rate, We ; Pmax and pin are the densities at the diurnal bulge location and diametrically opposite
the bulge, respectively, at distance rl ; aB and 6B are the right ascension and declination of the
diurnal bulge; and e is the eflipticity of the Earth. When using these expressions in the MEP al-
gorithm of equations (2.1) mean orbital elements and an osculating perigee radius, rposc , are used
in their evaluation. The osculating perigee radius is given by

rposc = am (1 - em) + rsP (f o) , (2.18)

where r,, is defined in the following section. Values for p and 3 are obtained using the NSWC/
Jacchia 1977-Bass model atmosphere.
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2.6 First Order onirt Periodic Variations

The first order short periodic variations which are used to compute the osculating orbital
elements of equations (2.4) and the osculating perigee distance of equation (2.18) are given by:1

sp =J2 a ) 1 - sin 2 i + sin 2 i cos 2(w + f)

( I sin2 ) (1 -e 2) 3/2

2 \

+ 1 (R3 3/23) s o

p2 sin2  i I + - co e2w

+3 (1 + e)cos f + 3 ecos 2f + -e- cos3 f

+ e Jos in2 2f) + -L- e cos (2w + f) + - cos (2w - f)

* 5e cos (2w + 0 7 + L7 e2) cos (2w + 3f)

3 e2R3 "4
*+2e cos (2w + 4f) + 4 _ cos (2w + 5f) + 2 e cos 2wo

isp 3= (g sin 2i e cos (2co + f) + cos 2(co + f)

+ e cos (2w + 3f),

9



wP= 4J2 (4 5 sin 2 i)(f M + e sin f)

+ 32 2'(R , 3sin 2 i) 1 (1 _e 21 sinf+ -sin 2'
1. ) (~ 2 ! ~ ~ ( '2.\

+ 1 2 e sin 3f -2 J2E - sin 2 i + y- - sin 2 i

/ ( 5(2.19)
Xsin(2w +f) + -S- sin 2 isin(2,o - f) + 1 2 sin2 i

16 2 2 sin

Xsin2 (w +f)1 sin2 i - sin2i
sin~~L sin +f e6

X sin (2w +3f) - sin2 isin(2co+ 4f) - sin 2 isin(2o+ 5f

9 (R) 2
-16 2 sin2 i sin 2w

2 2 cs - M + e sin f-e sin (2w + f)

sp 2 2 Cp) COS Meif-
sin 2 ( + f) sin (2w + 3f

12 1

Msp = (2 J2 3 - sin2 i e2) sin f

+ 2 sin 2f + 12 - ssin 2 i (1+ e2) sin(2,w+f)

- e_+2 21 +43

e2 sin (2w - f) + 7 1 - - sin(2w + 3f)8 6 \~28,si(w+3'

+ esin (2w + 4f) + -sin(2w + 5fJ

"16 J 2  P sin2 i sin 2w
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and

1 R2V 3 2\ erP - i-1 - sin 2  I1 + cos fp 2 2 p 2 +I 1 r- -

2 + J sin 2 icos(2w + 2f)

where f is the satellite true anomaly which can be computed from M (see section 4.1). Note
that when computing the Xsp in equations (2.4) and equation (2.18), mean Keplerian elements
are used in the right hand sides of equations (2.19).

2.7 Instantaneous Orbit Parameter Changes Due to Impulsive Thrusting

The changes in orbit parameters due to instantaneous velocity changes are modeled from
the results obtained from the Lagrange Planetary Equations.3 Let the instantaneous velocity
change due to an impulsive thrust, 6', be given by

AV = ,,R + ,, I + AVcC , (2.20)

where

C - (2.21)

r

-r- (2.22)

and

R =I X . (2.23)

3 Fitzpatrick, P. M., Principles of Celestial Mechanics, Academic Press, Inc., New York, New

York, 1970.
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Here r and ?'are the satellite velocity and position vectors. The instantaneous changes in the
Keplerian orbital elements and the period resulting from this velocity change are:

AaO 2a2()tv

AeOA rsinf AVR + 2 cosf+ e)AV

OA - rcos(o+ f) AV(p) 1 /2

r sin (w + f)

A120A (11p) 1/ 2 sin i AV '

AWOA ( + e2 ) cos f+ e sinf AVI (2.24)e(l + ecos f) v AVR + 2 ev

r sin ( w + f) cos 1 AVC

(pp)1/2 sin i

AMOA n 2)/ 2 V] 2 sin f a ( e e2) + re] AV,La1 - e2) /  I Ie

_4[L (I e2)cosf] AVCI

and

A7"OA = 37a AVI

where

it aU .a (2.25)

r a (I - e2) (2.26)-I+ e cos f '(.6

and f is the true anomaly at tA. Note that mean elements are used to evaluate the right hand
sides of equations (2.24) - (2.26) when they are used in equations (2.1).
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3. INITIALIZATION

3.1 Initial Condition Transformations

The initial orbital elements may be input as either (a) mean Keplerian elements, (b) mean
Brouwer elements, or (c) osculating Keplerian elements. Since LAMP prediction modes require
mean Keplerian elements as initial conditions, input types (b) and (c) must be transformed to
element type (a). If type (b) initial conditions are used, they are first transformed to type (c)
elements at epoch to through application of the Brouwer-Lyddane 4 ,5 orbit theory using a vanish-
ing prediction interval (this transformation is described in the following section). The type (c)
elements are converted to type (a) by iterating upon the transformation

Vk (t ) = X .(to) ( X X(k- 1)(t) XVk1)~I) 0 oscJ 0t- Xpj( t), .. xm 6 (to)), ( = , 2..., 6) (3.1)

until the condition

i X (t0) =Xmj l ) (t)1 < ej , (j = 1, 2, ... , 6) , (3.2)

is satisfied for all j. In the above expressions k is the iteration counter; X M(to), X0ocj(t 0 ), and
X5pj(t.) represent the mean and osculating values and the short periodic variation of the jth
element at epoch t o ; and ej is the convergence tolerance for the jth element. To initiate this
iterative process, it is assumed that

X¢o (to) = Xoj (to ) , 1, 2 .... 6). (3.3)

3.2 Brouwer-Lyddane Transformation Theory

The Brouwer-Lyddane theory is used in LAMP to transform mean Brouwer elements to
osculating Keplerian elements prior to converting them to mean Keplerian elements. The trans-
formation to osculating Keplerian elements is accomplished by using the following relations with
a zero time from epoch, t. The input mean Brouwer elements at epoch t o are a", e", i", Mo0,
w", and 92". Define:

t = time from epoch

no  = (ji/a"3)1/2

27 = (I - e"2) 1/ 2

4 Brouwer, D., "Solution of the Problem of Artificial Satellite Theory Without Drag," The Astro-
nomical Journal, Vol. 64, No. 1274, 1959, pp. 378-397.

5 Lyddane, R. H., "Small Eccentricities or Inclinations in the Brouwer Theory of Artificial Sat-
ellites," The Astronomical Journal, Vol. 68, No. 8, 1963, pp. 555-558.
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0 =Cos i"

21 C a2/a"2  (3.4)
2 20

Y2 = ,, 27"

13 - 30aea ,a

I, 3 4 ̂ "4 q-8

Y4 - 28 C40aea
1l

1- Cs "-5-10

n5-Uoea + fn32l) Tnf5+ 6~+2q

a I --502

+ (3 1 - 1102 -4004 ( +3

'y I - e302 - [804 a 3

I ( +902 - 24)4 a4(

+ 1- 502 - 1604 a-]

T'hen the secular terms are computed from:

M" not ! + 32 17 (302-I)+ -2 -f - 15 + 161? + 25q2

+ (30 - 961? .9072)02 + (105 + 144t7 + 257 2 ) )0 4  (3.5)

+ j-y4' e ' 2  31- 3002 + 3504 + M.

W"O n nt --q y2a + 2 35 + 241? + 25772 + (90 - 1921- 1261?2)02

+ (385 + 36017 + 45172) 04 + -74 21 - 9n/2 + (- 270 (3.6)

+ 126772) 02 + (385 - 189,q2) 0411 +w0

nd

R" n. nt 3 y2 0 + gT 2  (- 27+9772) 0

1 8 2 5+ 12j +(3.7)

+ -35 M36 -5712) 03 + y'4 (5 - 3,q2)0 (3 -702) + fill •
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The long period (dependent upon g") terms are computed from:

e = 635 323" 7 2 Xsin i" sin3 W - 1 (3212 i027I sin2

6e 96 -t'p 12 Y2' 3- ()
1 2

35 -' e,2 .2 X. sin i" sin w" + 7 (3.8)128 j7 3

+ L -' (4 + 3e" 2 ) 6 sin i" sin w" + $ [3y'; 3-10,4 7]

M' + 'M"+ " + -3 '2[ 2 + e" 2 - 11 (2 + 3e"2)02

-40(2 + 5e" 2 )0 4 a"1 - 400e" 2 06 a-2] + 10 74 [2 + e''2

-3 (2 + 3e" 2 ) 02- 8 (2 + 5e" 2 )04 0a1 -80e" 2 06 a72]]

+ - [2 - ' sin 2o"+ 3-5 S ,3 e" X sin i",y2 4 4384 f'

35 e'F ~ "-* "3 6?27
5 ' X -e" (3 + 2e''2) sini + .

1152 -Y2 L sn

+ 2e" 3 02 sin i" [5 + 3202 a" + 8004 a'2]] cos3w" (3.9)
I_ 'e" 02 t [ 0

3'3 5 7"5 02e

+ 4 "s (4 + 3e" 2 )

4 47; sin s ini t 3

P esin i'' (26 + 9e'12)  5 32 0' 2 2
+ e si i"(2 + e"2] - L e" 0 sin i " (4 + 3e"2

X(3 + 1602 a-I + 4004 a-2) + 1 3 sin i"4 ';

x (,e 3 - e" 2 (3 -ett2) + " 72 6
+773) 64 t

[ e" (-32 + 81e" 4 ) 1sin iI cos ,
4+ 3e" 2 + 1? (4+ 9e1 2)
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and

+ 35,y# "3 0 5 Xsin- i" + sin i"5 + 3202 a- + 8004 a21I

Xsi 2 ~esw ~ e" 2 0 [3 ,/ 2 Il + 8002 a-4 + 20004¢ 2

f2IX sin 2 wPP cus w 1 + -- y- 2 00 3,+2042 -1

+i10/ [3 + 1602 ai + 4004 a-2]] sin S, cos w ' (3.10)

+ 75 el3 0 5 Xsin i" + sin +3202 a 1 +8004a2)
+ 576 ni' 3

e1 , y' ; + - ",'5 (4 + 3e s' 2 ) & + L1 5 (4 + 3e'2 )

X (3 + 1602 a-I + 4004 a 2 ) sin 2 i"I cos

The short period (dependent upon E', f, M") are computed from:

a at# -ap ?'2 (302-1)+ - 'Y2 - 302- 1
17 3 1 0 e" cos E)3

(3.11 )

+ 3 sin 2 i" cos(2w" + 2f') ,

e +e" +f 1 e+ - 2  3 I 1 -/ 3 e, 2 (3- e

+ 3 + e" cos fV (3 + e" cos f') cos f'] + 3 (1-02) [e s ()l77 6  (3.12)

* 3 + e" cos f' (3+ e" cos f')l cos f'] cos (2f' + 2w")

2'
7- 2 ( - 02) [3 cos (2w" + f') + cos (2w" + 3f')J

e" 0 e+ e" ' O sin i" sin f' sin (2f' + 2w")
172 sin ., 62

2e" ' 0 sin i" * cos ' c's (2f' + 2w") + 2 0 sin i" cos(2f' + 3w") , (3.13)
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W+M = + M + - [ 6a(f' - M"+ e" sinf') + (3- 502)

X [3 sin (2f' + 2w") + 3e" sin (2,w" + V) + e" sin (2w" + 3f')]

e"'#a2  2 (3.14)

+ 4 -(1 +,) 2 (302 - 1) (a + 1) sin f' + 3 (1 - 02)

X [(I- a) sin (2w" + f') + (a + 1/3) sin (2w" + 3f')]]

7 2e" ~ 0 cos f + 27 0 sin (2w" + 2f')(12 fl +2e" 2 1(3.15)e"~~ O f'' M" e

sin f'cos(2f' +2w") -3 0 (f' -M + e"sin f')

and

e 6 1 e2 -64 sin 2w"4- 73 sini"

+ 5 7 3 sin i" (4 + 9e") 6] cos 2w"
64 -f'

(3.16)
35cos 75'1 3 -0 (392 - 1)

+ 384 - i2 e sin i- 3w 7 4 2 (

X(a + 1)sinf' + 3(1 -02)(1 -a) sin(2w" + f')

+ (a + 1/3) sin (2w" + 3f'),

where

= 1 e" cos E'e (3.17)

the eccentric anomaly E' is obtained from a Newton-Raphson iteration upon the Kepler equation

E' - e" sin E' = M" , (3.18)
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and the true anomaly f' is found from

sin f' = sinE'
I - e" cosE'

(3.19)
Co _ cos E' - e"

I - e" cosEU

The final osculating values for a, i, and Q are computed from equations (3.11), (3.13), and
(3.15), respectively. Equations (3.5), (3.14), (3.12), and (3.16) are used to calculate final os-
culating values for M, w , and e from the following relations:

A ecosM" - e5 ksinM" , (3.20)

B e sin M" + e 6 , cos M" , (3.21)

M tan-1 (B/A) (3.22)

W (M + W) - M (3.23)

and

e (A2 + B2)1/2  (3.24)

4. AUXILIARY COMPUTATIONS

4.1 Initialization and OEP Support Computations

The initialization procedure and the osculating element prediction capability utilize equa-
tions (2.19) and, thus, require a method of computing the true anomaly from the mean anomaly.
Since the eccentricities of interest are small (e.g. e 1), a truncated expansion of f in terms of
M can be used with sufficient accuracy. This expansion is given by:

f M + 2e sin M + e2 sin 2M + 13 e2 sin 3M (4.1)
4 12

The initial nodal period r must also be computed during the initialization phase. It is ap-
proximated by:

2 , TK , (4.2)= 21r + (,0 TK

where r is in seconds,

rK  = 2v(a-) 1/2 (4.3)
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and

= 10.6 5 cos 2 i'-, 1
La'7/2 (I - e12)2  , (a' in earth radii). (4.4)

In the above expressions, a', i', and e' are aosc, iosc, and eosc at tN, the time of the first crossing
of the ascending node after to - tN is computed using an iterative procedure and the OEP/STP
mode of ephemeris generation.

When generating osculating Cartesian components using the OEP capability, the following
transformations are used:

CosE = ,(c
ro~c\a sin Esc (4.5)

and

and =ac)"/ 2  ~( -sin E0 _o (4.6)

S ic ( - e cos E O) E
e .Cos Eo M)

where

Cos S0cCos =Co - sin 9oCos i osin wmc - cos 20csin woc - sin $ cCos i ScCos wc

cos Wow sin 120c + cos noccos iowcsin (O cos 1oScCos ioscCos WoC -sin 12csin w0oc .(4.7)

sin iosin woc  sin i 8 cos (oBC

Eos€ is the osculating eccentric anomaly computed from Kepler's equation:

EowS -eo c sin Eo. Mow€  (4.8)
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4.2 Drag Decay Rate Support Computations

The drag decay computations can model CD S as either a constant or time varying quantity
(note, however, that CD S has been treated as a constant in the variational equations). The form
used in LAMP is:

CD S = (C D S)O + (CD S)I (t - t 0 ) + (CD S)2 sin (o + y), (4.9)

where the (CD S) i (i = 0, 1, 2) are constant coefficients and y1 is a phase factor.
The location of the diurnal bulge at a given time t is computed from:

5B = 0, (4.10)

and

aB = a. +A , (4.11)

where A is the bulge lag angle,

6o = sin-, [sin eo sin Ao , <e 0  oe 0  , (4.12)

and

,0 <X 0 <7r/2

0
7r - ,? - < o < r

a. = ,0 a-<2 . (4.13)

71+71 7r <o <32

3v
2v-r ,1 <X 0  <2v

Here e. is the solar obliquity, X. is the celestial longitude of the sun given by:

= 863) At v , 0 < X 2 , (4.14)
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and

77 = sin 1 [tan 5, cot eo (4.15)

At v is the time elapsed in days since the last vernal equinox. It should be noted that

a. = X. for X. V 0, 1,2,3,4). (4.16)

A constant, yet representative, value for j3 must be used in equations (2.8), (2.10), and
(2.17). Following Santora2 , an average scale height HAy G will be used to evaluate 3:

= HAVG = HO + SA cos 0 AVG (4.17)

where

Ho =I HMAX + HMI N  , (4.18)

HMA x - HMIN
- HMAX + HMIN  (4.19)

and

Z (o2) [Zl + fZ - 2z2Z (4.20)

In the last four equations A is given by equation (2.14); HMIN and HMAx are the scale heights
at distance rposc at declination 6B on the day side of the earth and diametrically opposite this
point, respectively; and

am em= Hp (4.21)

Z 1  = z (z - 1) -FA (1 + FA)- , (4 22)

Z2  = (l + FA)- - z(I - Iz)- (4.23)

H in equation (4.21) is the scale height at perigee. If the quantity in curly braces in equation
(4.20) becomes negative, then

cos 0 AVG = 0 (4.24)
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Finally, it is necessary to adjust the average density, po, so that it fits the density at perigee.
The adjusted p. is given by:

Ip- (*max + Pmin) FA (4.25)

where PP is the density at perigee.

4.3 Model Atmosphere Peripheral Support Computations

The atmospheric densities and scale heights used in LAMP are computed using the NSWC/
Jacchia 1977-Bass model atmosphere. In order to compute the density and scale height for a
given location, certain peripheral computations must be made and the results supplied to the
model atmosphere. These data are the time at which the density and scale height are required
in modified Julian days, tMjD; the solar location, ao and 60 ; the solar obliquity, eo.; the sat-
ellite location, a, and 6,. at tmD ; the geomagnetic latitude of the satellite at tMJD, O'; the sat-
ellite altitude at tMJD, h; the solar flux val,,  at tfDjD, FI0.7 and F10 .7; and the geomagnetic
index at tmjD, Kp. The solar location com, tations are discussed in section 4.2. The remaining
information is computed as follows:

tMJD = 1721044. + 367y - (7y/4) + d + (s/86400.) - 2400001.0 , (4.26)

where y is the year, d is the day of the year, and s is the seconds of the day;

S = sinl' [sin i sin (co + f)] (4.27)

n - a' for < W + f <2 2
a. = 3w (4.28)

S+ 7r + a' for -< W + f <2
2 2

where

a' = sin-l Iktan6scotiJ , (4.29)

and

+1 for i < r/2
k = ; (4.30)

-1 for i > ir/2

sin-' [.9792 sin 6, + .2028 cos 6s cos (L. - 2910)] , (4.31)
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where L. is the East longitude of the satellite given by

as- a G for aG < as

Ls = (4.32)

2r+ (a - a G) for aG > a,

aG = ,(tMj D - tMjV) , 0 <a G <2r (4.33)

and w@ is the rotation rate of the earth and t7MJD is a recent transit time of the vernal equinox
and the Greenwich meridian in modified Julian days;

h am(l-e 2) a"
+e e [ ( 8 1,2 (4.34)= 1+ em MCos fm + sp  i2

where as and eg are the semi-major axis and eccentricity of the reference ellipsoid;

F1 0 .7= (FI 0 .7)0 + (FI 0 .7 )1 (t - to ) + (Fl 1 .7)2 sin [(- 0 ) 72 (4.35)

and

F10 .7= (F 10 .7 )0  + (F1 0.7 )1 (t - to ) (4.36)

where 72 is a phase factor and D2 is a constant; and

Kp = (Kp) 0 + (Kp) 1 (t- t o ) . (4.37)

It should be noted that mean or osculating values for i, w, and f are used above when in the
MEP or OEP mode, respectively.
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4.4 User Support Computations

Additional parameters are computed in LASP tG support mission analysis. These parameters
are the osculating perigee and apogee altitudes hpOSC and hasc; the descending leg osculating alti-
tude at a given latitude, h& ; the phase angle for a two satellite system, *; the propellant con-
sumed by an orbit adjust, ANoA; and the remaining usable propellant, AW.

The altitude parameters hposc, hamc, and hb-,c are computed using equation (4.34) where
6, is computed using

6s  = sin-' [sin (om + f )sinim] , (4.38)

and

fm = , (4.39)

for hPosc, and

fm = 7r , (4.40)

for haoc. When computing h&oc, 6 is known but the associated fm must be calculated as
follows:

U - Wm  , for wm < U

f = (4.41)
L2r-(~ m - u ) , for W~m > u

where

rsin_81
U Ir -sin] si (4.42)

The phase angle * is a measure of the departure of a two satellite system from being dy-
namically synchronized such that at the instant one satellite (termed the lead vehicle) crosses its
descending node, the other (trailing vehicle) crosses its ascending node. The time evolution of
the phase angle is computed only for the LTP mode and is in terms of the nodal period of the
lead satellite TL. Thus for the nth rev from epoch:

*--n- + An '(4.43)
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where

and

2 ,am. n

The subscripts k = 1, 2 designate the satellite being referenced. The user must select one of
these as the lead satellite, as well as supply the initial phase angle 110.

The propellant expended during the ith orbit adjust is computed using the expression:

AWo0A = &i -)>AV (4.46)

where g is the gravitational acceleration at the Earth's surface, Isp is the thruster specific im-
pulse, Wi is the satellite weight at the time of the orbit adjust, and AV is the instantaneous
velocity change given by

AV= (AV 2  + AV2 + AV 2 ) 1/2 (4.47)

The satellite weight Wi and weight of remaining usable propellant AWi are computed aF follows:

W W - AWoA i - WopS (tOA i - tOAi 1 ) , Wi > 0 , (4.48)

and

! AW- - tAWoA i - WoPs (tOAi- tOAi. ) , AWi , (4.49)

where tOAj is the time of the jt!h orbit adjust and Wop s (;_O) is a user supplied average rate at
which propellant is used for nonorbit adjust related operational maintenance. W. and AWO must
be supplied by the user.

5. SOFTWARE DESIGN CONSIDERATIONS

5.1 Basic Requirements

The LAMP software is coded in FORTRAN IV in such a manner that the program is self-
documenting and modular in stru~tvre. LAMP may be exercised in either the batch mode or an
interactive mode with the user. LAMP output may be displayed either as plots or tables, or
both. The plots can be generated in either the batch mode or an interactive 'real time' mode.
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5.2 Basic Computational Flow

Details associated with the operational options, the output options, and the required input
data are delineated in Tables 5-1, 5-2 and 5-3, respectively. A high level computational flow-
chart is presented in Figure 5-1.
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Table 5-3. Input Data Definitions

Input Data Definition Comments

to  Start time and epoch of input elements

tE End time for predictions

aoeoiowoloMo Initi.1 orbital elements at to  Element type must agree with
IIET flag

NREVo Initial rev number Needed when IOA= or IOP-I

NSAT Number of satellites = 1 or 2.

WW,AWo,Wo, See section 4.4

Isp Thruster Specific Impulse

'1o Initial phase angle Required only when NSAT=2
and IAD=I

(CDS) i  See Eq. (4.9)

A Subsolar bulge lag angle

A See Eq. (2.11)

(Fi0.7)i  See Eq. (4.35)

2 , D2  See Eq. (4.35) Only when IAD=I

(F10.7 ) See Eq. (4.36)

(KP)i  See Eq. (4.37)

t ¢ Time of last vernal equinox

t7,MJD Time of recent transit of vernal equinox
and Greenwich median

(NREVoA)i Rev number for ih orbit adjust
Only when IOA=I;

(COA), True anomaly of ignition for it input for each orbit
orbit adjust adjust designed

(AVj)i  R, 1, C impulse velocity components for between to and tE.

iih orbit adjust [see Eqs. (2.20)-(2.23)]

At Computation granularity [see Egs. (2.1 For IPM=O only
(2.2)1
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